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Beauty in mathematics is 
seeing the truth without effort

—George PóLYA -



Dokumen Standard Kurikulum dan Pentaksiran (DSKP) 



Past Years SPM

2
0
0
3

2
0
0
4

2
0
0
5

2
0
0
6

2
0
0
7

2
0
0
8

2
0
0
9

2
0
1
0

2
0
1
1

2
0
1
2

2
0
1
3

2
0
1
4

2
0
1
5

2
0
1
6

2
0
1
7

2
0
1
8

2
0
1
9

Paper 1
15

16

20

21

19

20

17

18

19

19

20
19

19

20

20

21
20

19

20

19

20

17

18

16

23

6

7
1

5

6
17

Paper 2

Sec A 3 5 2 4 3 3 5 2 6 2 6 4

Sec B 9 10 8 8 10 7 7 8 8 8 8 8 8 8 11 10 7



Prior Knowledge

● The Straight Line (Form 3)

● Angles and Tangents of Circles (Form 3)
● Coordinate Geometry (Add Math Form 4)

● Quadratic Functions (Add Math Form 4)
● Speed and Acceleration (Form 2)



Limit

First Derivative:
• Derive the formula for y=axn

• Algebraic function
• Composite function: Chain rule
• Product and quotient of algebraic expressions. 
Second Derivative:
• Algebraic function

First derivative → First Principle

Value of a limit of a function:

variable → 0

Gradient of 

Tangent

Equation of 

Tangent

Equation of 

Normal

Turning 

Points

1. Sketching Tangent

2. 2nd Derivative
Min/max value

Rates of 

Change

Chain Rule:

𝑑𝑦

𝑑𝑡
=
𝑑𝑦

𝑑𝑥
×
𝑑𝑥

𝑑𝑡

Small Changes 

& 

Approximations

Small changes -

Half Chain rule:

𝛿𝑦 ≈
𝑑𝑦

𝑑𝑥
× 𝛿𝑥

Approximations

𝑦 + 𝛿𝑦



Limit



Determine the limit value for each of the following functions. 

(a) 

Example 1(a)

lim
𝑥→0

1

𝑥

𝑥 1 0.1 0.01 0.001 0.0001 0.00001 0.000001 0.0000001 …

1

𝑥
1 10 100 1000 10000 100000 1000000 10000000 ?

lim
𝑥→0

1

𝑥
= ∞



Determine the limit value for each of the following functions. 

(a) 

Example 1(b)

lim
𝑥→0

𝑥3 − 𝑥

𝑥2 − 𝑥

  

  

  

0

 

 

 

        0     

= lim
𝑥→0

𝑥(𝑥2 − 1)

𝑥(𝑥 − 1)

= lim
𝑥→0

𝑥(𝑥 − 1)(𝑥 + 1)

𝑥(𝑥 − 1)

= lim
𝑥→0

𝑥 + 1

= 1



𝐖𝐡𝐚𝐭 𝐢𝐬
𝒅𝒚

𝒅𝒙
?

Reduce power

Power turun
ke depan

Gradient 

tangent

Maximum 
minimum

Rate of 
something



The gradient of a tangent…

0

 

 

 

 

 

0    
0

 

 

 

 

 

0    
0

 

 

 

 

 

0    

𝑚𝑡 =
5 − 1

3 − 1
= 2 𝑚𝑡 =

4 − 0

2 − 1
= 4 𝑚𝑡 =?



Idea of limit to differentiation…

𝑚𝑃𝑄 =
4 − 1

2 − 1
=
3

1
= 3 𝑚𝑃𝑄 =

4 − 2.25

2 − 1.5
=
1.75

0.5
= 3.5 𝑚𝑃𝑄 =

4 − 3.61

2 − 1.9
=
0.39

0.1
= 3.9

𝛿𝑥

𝛿𝑥

𝛿𝑥

𝛿y
𝛿y

𝛿y



First derivative using first principle…

𝛿𝑥

Gradient of tangent at 𝑃 = Gradient of 𝑃𝑄 as 𝛿𝑥 approaching 0

𝑑𝑦

𝑑𝑥
= lim

𝛿𝑥→0

𝛿𝑦

𝛿𝑥
= lim

𝛿𝑥→0

𝑓 𝑥 + 𝛿𝑥 − 𝑓(𝑥)

𝛿𝑥



Find the first derivative by using the first principles for each of the following functions 𝑦 = 𝑓(𝑥)

(a) 

Example 2(a)

𝑦 = 2𝑥

Given 𝑦 = 𝑓(𝑥) = 2𝑥

𝛿𝑦 = 𝑓 𝑥 + 𝛿𝑥 − 𝑓(𝑥)

𝛿𝑦 = 2 𝑥 + 𝛿𝑥 − 2𝑥

𝛿𝑦 = 2𝑥 + 2𝛿𝑥 − 2𝑥

𝛿𝑦 = 2𝛿𝑥

𝛿𝑦

𝛿𝑥
= 2

𝑑𝑦

𝑑𝑥
= lim

𝛿𝑥→0

𝛿𝑦

𝛿𝑥

𝑑𝑦

𝑑𝑥
= lim

𝛿𝑥→0
2

𝑑𝑦

𝑑𝑥
= 2

First derivative using 

first principle



Find the first derivative by using the first principles for each of the following functions 𝑦 = 𝑓(𝑥)

(b) 

Example 2(b)

𝑦 = 2𝑥2 + 1

Given 𝑦 = 𝑓(𝑥) = 2𝑥2 + 1

𝛿𝑦 = 𝑓 𝑥 + 𝛿𝑥 − 𝑓(𝑥)

𝛿𝑦 = 2 𝑥 + 𝛿𝑥 2 + 1 − 2𝑥2 + 1

𝛿𝑦 = 2 𝑥2 + 2𝑥𝛿𝑥 + 𝛿𝑥 2 + 1 − 2𝑥2 + 1

𝛿𝑦 = 2𝑥2 + 4𝑥𝛿𝑥 + 2 𝛿𝑥 2 + 1 − 2𝑥2 − 1

𝛿𝑦 = 4𝑥𝛿𝑥 + 2 𝛿𝑥 2

𝛿𝑦 = 𝛿𝑥 4𝑥 + 2𝛿𝑥

𝛿𝑦

𝛿𝑥
= 4𝑥 + 2𝛿𝑥

𝑑𝑦

𝑑𝑥
= lim

𝛿𝑥→0

𝛿𝑦

𝛿𝑥

𝑑𝑦

𝑑𝑥
= lim

𝛿𝑥→0
4𝑥 + 2𝛿𝑥

𝑑𝑦

𝑑𝑥
= 4𝑥

First derivative using 

first principle



Derive by induction

Function
𝑑𝑦

𝑑𝑥
Pattern

𝑦 = 2𝑥
𝑑𝑦

𝑑𝑥
= 2

𝑦 = 2𝑥2
𝑑𝑦

𝑑𝑥
= 4𝑥

𝑦 = 2𝑥3
𝑑𝑦

𝑑𝑥
= 6𝑥2

𝑦 = 2𝑥4
𝑑𝑦

𝑑𝑥
= 8𝑥3

Conclusions: 

If 𝑦 = 𝑎𝑥𝑛, then 
𝑑𝑦

𝑑𝑥
= 𝑎𝑛𝑥𝑛−1

𝑑𝑦

𝑑𝑥
= 2 × 1 × 𝑥1−1

𝑑𝑦

𝑑𝑥
= 2 × 2 × 𝑥2−1

𝑑𝑦

𝑑𝑥
= 2 × 3 × 𝑥3−1

𝑑𝑦

𝑑𝑥
= 2 × 4 × 𝑥4−1



Example 3

Find the first derivative for each of the following with respect to x

(a)                                                                         (c) 

(b)

𝑦 = 3𝑥10

𝑑𝑦

𝑑𝑥
= 3(10)𝑥10−1

𝑑𝑦

𝑑𝑥
= 30𝑥9

𝑓(𝑥) = 𝑥3 + 𝑥−2 + 1

𝑓′(𝑥) = 3𝑥3−1 + −2 𝑥−2−1 + 1(0)𝑥0−1

𝑓′(𝑥) = 3𝑥2 − 2𝑥−3

1 − 2𝑥3

𝑥2

=
𝑑

𝑑𝑥

1

𝑥2
−
2𝑥3

𝑥2

=
𝑑

𝑑𝑥
𝑥−2 − 2𝑥

= −2 𝑥−2−1 − 2(1)𝑥1−1

= −2𝑥−3 − 2

= −
2

𝑥3
− 2 = −

2 + 2𝑥3

𝑥3

𝑑

𝑑𝑥

1 − 2𝑥3

𝑥2

First derivative of an 

algebraic function

𝑦 = 𝑎𝑥𝑛 →
𝑑𝑦

𝑑𝑥
= 𝑎𝑛𝑥𝑛−1



Example 4

Find the first derivative of the following with respect to x: 𝑦 = 2𝑥 + 1 5

Let 𝑢 = 2𝑥 + 1 then 𝑦 = 𝑢5

𝑑𝑢

𝑑𝑥
= 2

𝑑𝑦

𝑑𝑢
= 5𝑢4

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥

𝑑𝑦

𝑑𝑥
= 5𝑢4 × 2

𝑑𝑦

𝑑𝑥
= 10𝑢4

𝑑𝑦

𝑑𝑥
= 10 2𝑥 + 1 4

First derivative of composite 

function (chain rule)

𝑦 = 2𝑥 + 1 5

𝑑𝑦

𝑑𝑥
= 5 2𝑥 + 1 5−1(2)

𝑑𝑦

𝑑𝑥
= 10 2𝑥 + 1 4

Simplified

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥



Example 5

Find the first derivative of the following with respect to x: 𝑦 = 1 − 2𝑥 𝑥2 − 2 3

Let 𝑦 = 𝑢𝑣 𝑢 = 1 − 2𝑥 𝑣 = 𝑥2 − 2 3

𝑑𝑢

𝑑𝑥
= −2

𝑑𝑣

𝑑𝑥
= 3 𝑥2 − 2 2 2𝑥 = 6𝑥 𝑥2 − 2 2

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥

𝑑𝑦

𝑑𝑥
= 𝑥2 − 2 3(−2) + 1 − 2𝑥 6𝑥 𝑥2 − 2 2

𝑑𝑦

𝑑𝑥
= 2 𝑥2 − 2 2 𝑥2 − 2 −1 + 1 − 2𝑥 (3𝑥)

𝑑𝑦

𝑑𝑥
= 2 𝑥2 − 2 2 2 + 3𝑥 − 7𝑥2

First derivative of a function 

involving product rule

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥



Example 6

Find the first derivative of the following with respect to x: 𝑦 =
𝑥2

3 − 4𝑥

Let 𝑦 =
𝑢

𝑣

𝑢 = 𝑥2 𝑣 = 3 − 4𝑥

𝑑𝑢

𝑑𝑥
= 2𝑥

𝑑𝑣

𝑑𝑥
= −4

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2

𝑑𝑦

𝑑𝑥
=
(3 − 4𝑥) 2𝑥 − 𝑥2(−4)

3 − 4𝑥 2

𝑑𝑦

𝑑𝑥
=
6𝑥 − 8𝑥2 + 4𝑥2

3 − 4𝑥 2

𝑑𝑦

𝑑𝑥
=

6𝑥 − 4𝑥2

3 − 4𝑥 2

𝑑𝑦

𝑑𝑥
=
2𝑥(3 − 2𝑥)

3 − 4𝑥 2

First derivative of a function 

involving quotient rule

𝑑𝑦

𝑑𝑥
=
𝑣
𝑑𝑢
𝑑𝑥

− 𝑢
𝑑𝑣
𝑑𝑥

𝑣2



Example 7

Find the second derivative of the following with respect to x: 𝑦 = 𝑥2 + 1

𝑑𝑦

𝑑𝑥
= 2𝑥

𝑑2𝑦

𝑑𝑥2
= 2

Second derivative



Example 8

Given 𝑦 = 𝑥2 + 2𝑥 + 7, find the values of 𝑥 if   𝑥2
𝑑2𝑦

𝑑𝑥2
+ 𝑥 − 1

𝑑𝑦

𝑑𝑥
+ 𝑦 = 8

𝑦 = 𝑥2 + 2𝑥 + 7

𝑑𝑦

𝑑𝑥
= 2𝑥 + 2

𝑑2𝑦

𝑑𝑥2
= 2

𝑥2(2) + 𝑥 − 1 (2𝑥 + 2) + 𝑥2 + 2𝑥 + 7 = 8

2𝑥2 + 2𝑥2 − 2 + 𝑥2 + 2𝑥 + 7 − 8 = 0

5𝑥2 + 2𝑥 − 3 = 0

(5𝑥 − 3)(𝑥 + 1) = 0

𝑥 =
3

5
𝑥 = −1

Second derivative



SPM 2005 Q19

Given that ℎ 𝑥 =
1

3𝑥 − 5 2
, evaluate ℎ′′(1)

ℎ 𝑥 = 3𝑥 − 5 −2

ℎ′ 𝑥 = −2 3𝑥 − 5 −2−1(3)

ℎ′ 𝑥 = −6 3𝑥 − 5 −3

ℎ′′ 𝑥 = −3 −6 3𝑥 − 5 −3−1(3)

ℎ′′ 𝑥 = 54 3𝑥 − 5 −4

ℎ′′ 1 = 54 3(1) − 5 −4

ℎ′′ 1 =
27

8



Gradient of tangent to a curve

Gradient tangent negative

- Slants to the left

Gradient tangent positive

- Slants to the right

Gradient tangent zero

- Horizontal



Example 9(a)

The diagram on the right shows a part of the curve

(a) Find 𝑑𝑦

𝑑𝑥

𝑦 = 𝑥2 + 1

0

 

 

 

 

 

 

 

 

    0   

𝑑𝑦

𝑑𝑥
= 2𝑥

Application: Interpret 

gradient of tangent



Example 9(b)(c)

The diagram on the right shows a part of the curve

(b) Find the gradient of the tangent to the curve at points A, B and C. 

(c) For each of the points, state the condition of the tangent.  

𝑦 = 𝑥2 + 1

0

 

 

 

 

 

 

 

 

    0   

𝐴(−1,2)

𝐵(0,1)

𝐶(2,5)
𝑑𝑦

𝑑𝑥
= 2𝑥

𝑑𝑦

𝑑𝑥
= 𝑚𝑡

𝐴(−1,2) 𝐵(0,1) 𝐶(2,5)

𝑚𝑡 = 2(−1)

𝑚𝑡 = −2

𝑚𝑡 = 2(0)

𝑚𝑡 = 0

𝑚𝑡 = 2(2)

𝑚𝑡 = 4

𝑚𝑡 < 0

negative – slant to left

𝑚𝑡 = 0

zero – horizontal

𝑚𝑡 > 0

positive – slants to right

Application: Interpret 

gradient of tangent



Example 10

Find the equation of the tangent and normal to the curve                     at point 𝑅(1,2)𝑦 = 𝑥2 + 1

0

 

 

 

 

 

 

 

 

    0   

𝑑𝑦

𝑑𝑥
= 2𝑥

when 𝑥 = 1

𝑑𝑦

𝑑𝑥
= 𝑚𝑡 = 2(1)

𝑚𝑡 = 2

𝑦 − 2 = 2(𝑥 − 1)

𝑦 = 2𝑥 Equation of tangent

Application: Equation of 

tangent and normal



Example 10

Find the equation of the tangent and normal to the curve                     at point 𝑅(1,2)𝑦 = 𝑥2 + 1

0

 

 

 

 

 

 

 

 

    0   

𝑚𝑡 = 2

𝑚𝑡 ×𝑚𝑛 = −1

2 × 𝑚𝑛 = −1

𝑚𝑛 = −
1

2

𝑦 − 2 = −
1

2
(𝑥 − 1)

𝑦 = −
1

2
𝑥 +

5

2

2𝑦 = 5 − 𝑥 Equation of normal

Application: Equation of 

tangent and normal



SPM 2006 Q17

The point P lies on the curve 𝑦 = 𝑥 − 5 2. It is given that the gradient of the normal at P is −
1

4
. 

Find the coordinates of P

𝑦 = 𝑥 − 5 2

𝑑𝑦

𝑑𝑥
= 2 𝑥 − 5 2−1(1)

𝑑𝑦

𝑑𝑥
= 2𝑥 − 10

𝑚𝑛 = −
1

4

𝑚𝑡 ×𝑚𝑛 = −1

𝑚𝑡 ×−
1

4
= −1

𝑚𝑡 = 4

2𝑥 − 10 = 4

2𝑥 = 4 + 10

𝑥 =
14

2

𝑥 = 7

𝑦 = (7) − 5 2

𝑦 = 4

𝑃(7,4)



Turning points



Example 11(a)

Given the curve:

(a) Find the coordinates of turning points of the curve.  

𝑦 = 𝑥3 − 9𝑥2 + 24𝑥 − 15

0

 

 

 

 

 

0      

𝑑𝑦

𝑑𝑥
= 3𝑥2 − 18𝑥 + 24

3𝑥2 − 18𝑥 + 24 = 0

3 𝑥 − 2 𝑥 − 4 = 0

𝑥 − 2 = 0 𝑥 − 4 = 0

𝑥 = 2

𝑦 = (2)3−9 2 2 + 24(2) − 15

𝑦 = 5

(2,5)

𝑥 = 4

𝑦 = (4)3−9 4 2 + 24(4) − 15

𝑦 = 1

(4,1)

𝑑𝑦

𝑑𝑥
= 0

Application: Turning points



Example 11(b)

Given the curve:

(b) Determine whether each of the turning points is a maximum or minimum point.  

𝑦 = 𝑥3 − 9𝑥2 + 24𝑥 − 15

𝑑𝑦

𝑑𝑥
= 3𝑥2 − 18𝑥 + 24

𝑥 1 2 3 4 5

𝑑𝑦

𝑑𝑥
9 0 −3 0 9

Sign of the 

tangent
+ 0 − 0 +

Sketch of the 

tangent

Sketch of the 

graph

(2,5) (4,1)

(2,5) is a maximum point (4,1) is a minimum point

𝑑2𝑦

𝑑𝑥2
= 6𝑥 − 18

For (2,5)
𝑑2𝑦

𝑑𝑥2
= 6 2 − 18 = −4 < 0

(2,5) is a maximum point

For (4,1)
𝑑2𝑦

𝑑𝑥2
= 6 4 − 18 = 4 > 0

(4,1) is a minimum point

Application: Turning points



Example 12

Given the curve:

Find the stationary points and determine the nature of it. 

𝑦 = 𝑥3 + 1

𝑑𝑦

𝑑𝑥
= 3𝑥2

3𝑥2 = 0

𝑥 = 0

𝑦 = (0)3+1

𝑦 = 1

(0,1)

𝑥 −1 0 1

𝑑𝑦

𝑑𝑥
3 0 3

Sign of the 

tangent
+ 0 +

Sketch of the 

tangent

Sketch of the 

graph

𝑑2𝑦

𝑑𝑥2
= 6𝑥

Stationary point: 

(0,1)

𝑑2𝑦

𝑑𝑥2
= 6(0)

𝑑2𝑦

𝑑𝑥2
= 0

  

0

 

 

 

    0   

Point of Inflection

Application: Turning points



SPM 2003 Q15

Given that 𝑦 = 14𝑥(5 − 𝑥), calculate

(a)  the value of x when y is maximum,

(b)  the maximum value of y. [3 marks]

𝑦 = 70𝑥 − 14𝑥2

𝑑𝑦

𝑑𝑥
= 70 − 28𝑥

70 − 28𝑥 = 0

70 = 28𝑥

𝑥 =
5

2

𝑦 = 70
5

2
− 14

5

2

2

𝑦 =
175

2

Application: Maximum and 

minimum values



A curve has an equation                              . Find the rate of change of y when 𝑥 = 1 and 𝑥 =4, given that 

x increases at a constant rate of 2 units per second. 

Example 13

𝑦 = 𝑥2 − 4𝑥 + 6

𝑑𝑦

𝑑𝑡
=?

𝑑𝑥

𝑑𝑡
= 2

𝑑𝑦

𝑑𝑡
=
𝑑𝑦

𝑑𝑥
×
𝑑𝑥

𝑑𝑡

𝑑𝑦

𝑑𝑥
= 2𝑥 − 4

𝑑𝑦

𝑑𝑡
= (2𝑥 − 4) × 2

𝑑𝑦

𝑑𝑡
= 4𝑥 − 8

when 𝑥 = 1

𝑑𝑦

𝑑𝑡
= 4(1) − 8

𝑑𝑦

𝑑𝑡
= −4

y decreases at rate 

of 4 unit per second

when 𝑥 = 4

𝑑𝑦

𝑑𝑡
= 4(4) − 8

𝑑𝑦

𝑑𝑡
= 8

y increases at rate 

of 8 unit per second

Application: Rate of change



SPM 2004 Q21
Two variables, x and y are related by the equation                      . Given that y increases at a constant rate 

of 4 units per second, find the rate of change of x when 𝑥 = 2

𝑦 = 3𝑥 +
2

𝑥

𝑦 = 3𝑥 +
2

𝑥

𝑦 = 3𝑥 + 2𝑥−1

𝑑𝑦

𝑑𝑥
= 3 + 2(−1)𝑥−1−1

𝑑𝑦

𝑑𝑥
=
3𝑥2 − 2

𝑥2

𝑑𝑦

𝑑𝑡
= 4

𝑑𝑥

𝑑𝑡
=? when 𝑥 = 2

𝑑𝑦

𝑑𝑡
=
𝑑𝑦

𝑑𝑥
×
𝑑𝑥

𝑑𝑡

4 =
3𝑥2 − 2

𝑥2
×
𝑑𝑥

𝑑𝑡

4 =
3(2)2−2

(2)2
×
𝑑𝑥

𝑑𝑡

4 ×
4

10
=
𝑑𝑥

𝑑𝑡

𝑑𝑥

𝑑𝑡
= 1.6



Example 14

Find the small corresponding change in                    , when x increases from 1 to 1.02𝑦 = 𝑥2 + 1

𝛿𝑥 = 1.02 − 1

𝛿𝑥 = 0.02

𝛿𝑦 =?

𝛿𝑦

𝛿𝑥
≈
𝑑𝑦

𝑑𝑥

𝛿𝑦 =
𝑑𝑦

𝑑𝑥
× 𝛿𝑥

𝑑𝑦

𝑑𝑥
= 2𝑥

𝛿𝑦 = 2𝑥 × 0.02

𝛿𝑦 = 0.04𝑥

𝛿𝑦 = 0.04(1)

𝛿𝑦 = 0.04

Application: Small Changes



SPM 2006 Q19

Given that 𝑦 = 3𝑥2 + 𝑥 − 4

(a) Find the value of 
𝑑𝑦

𝑑𝑥
when 𝑥 = 1

(b) express  the  approximate  change  in  𝑦, in terms of 𝑝, when 𝑥 changes from 1 to 1 + 𝑝, 

where 𝑝 is a small value.

𝑑𝑦

𝑑𝑥
= 6𝑥 + 1

when 𝑥 = 1,
𝑑𝑦

𝑑𝑥
= 6(1) + 1

𝑑𝑦

𝑑𝑥
= 7

𝛿𝑥 = 1 + 𝑝 − 1

𝛿𝑥 = 𝑝

𝛿𝑦 ≈
𝑑𝑦

𝑑𝑥
× 𝛿𝑥

𝛿𝑦 = 7 × 𝑝

𝛿𝑦 = 7𝑝



Example 15

Given              , find the value of         when 𝑥 = 2 and determine the approximate value for              .𝑦 =
16

𝑥2
𝑑𝑦

𝑑𝑥
16

2.012

𝑦 = 16𝑥−2

𝑑𝑦

𝑑𝑥
= −32𝑥−3

𝑑𝑦

𝑑𝑥
= −

32

𝑥3

when 𝑥 = 2
𝑑𝑦

𝑑𝑥
= −

32

(2)3

𝑑𝑦

𝑑𝑥
= −4

𝛿𝑥 = 2.01 − 2

𝛿𝑥 = 0.01

𝛿𝑦 ≈
𝑑𝑦

𝑑𝑥
× 𝛿𝑥

𝛿𝑦 = −4 × 0.01

𝛿𝑦 = −0.04

16

2.012
≈ 𝑦 + 𝛿𝑦

=
16

(2)2
+ (−0.04)

= 4 − 0.04

= 3.96

Application: Approximation



Limit

First Derivative:
• Derive the formula for y=axn

• Algebraic function
• Composite function: Chain rule
• Product and quotient of algebraic expressions. 
Second Derivative:
• Algebraic function

First derivative → First Principle

Value of a limit of a function:

variable → 0

Gradient of 

Tangent

Equation of 

Tangent

Equation of 

Normal

Turning 

Points

1. Sketching Tangent

2. 2nd Derivative
Min/max value

Rates of 

Change

Chain Rule:

𝑑𝑦

𝑑𝑡
=
𝑑𝑦

𝑑𝑥
×
𝑑𝑥

𝑑𝑡

Small Changes 

& 

Approximations

Small changes -

Half Chain rule:

𝛿𝑦 ≈
𝑑𝑦

𝑑𝑥
× 𝛿𝑥

Approximations

𝑦 + 𝛿𝑦
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SPM 2014 Q17
Due to the high living cost, Siva has planted several types of vegetables for his own consumption on a 

rectangular shape empty plot of land behind his house. He plans to fence the land which has a dimension 

of 6𝑥 m and (4 − 𝑥) m. 

Find the length, in m, the fence he has to buy when the area of the land is maximum. [4 marks]

6𝑥

4 − 𝑥

perimeter =?

𝑑𝐴

𝑑𝑥
= 0

𝐴 = 6𝑥 × (4 − 𝑥)

𝐴 = 24𝑥 − 6𝑥2

𝑑𝐴

𝑑𝑥
= 24 − 12𝑥

0 = 24 − 12𝑥

𝑥 = 2

perimeter = 2 6𝑥 + 2(4 − 𝑥)

= 10𝑥 + 8

= 10(2) + 8

= 28



SPM 2016 Q6
The surface area of a cube increases at a constant rate of 15 cm2s-1

Find the rate of change of side length, in cm s-1, when the volume of the cube is 125 cm3. [4 marks]

𝑑𝐴

𝑑𝑡
= 15

𝑥 𝑥

𝑥

𝑑𝑥

𝑑𝑡
=? when 𝑉 = 125

𝑑𝐴

𝑑𝑡
=
𝑑𝐴

𝑑𝑥
×
𝑑𝑥

𝑑𝑡

𝐴 = 6𝑥2

𝑑𝐴

𝑑𝑥
= 12𝑥

15 = 12𝑥 ×
𝑑𝑥

𝑑𝑡
𝑉 = 𝑥3

𝑥3 = 125

𝑥 =
3
125

𝑥 = 5

15 = 12(5) ×
𝑑𝑥

𝑑𝑡

𝑑𝑥

𝑑𝑡
=
1

4



SPM 2017 Q1
Diagram shows a cubic graph 𝑦 = 𝑓(𝑥) and a linear graph 𝑦 = 𝑔(𝑥).

Point A lies on the straight line. Points B, C and D lie on the curve. The tangents to the curve at points B

and C are parallel to the x-axis.

State which point(s) that satisfies the following condition: 

𝑎
𝑑𝑦

𝑑𝑥
= 0

𝑏
𝑑𝑦

𝑑𝑥
< 0

𝑐
𝑑2𝑦

𝑑𝑥2
> 0



SPM 2018 Q5

Find the value of

𝑎 lim
𝑥→1

(7 − 𝑥2)

𝑏 𝑓′′ 2 if 𝑓′ 𝑥 = 2𝑥3 − 4𝑥 + 3

6

𝑓′′ 𝑥 = 6𝑥2 − 4

𝑓′′ 2 = 6(2)2−4

𝑓′′ 2 = 20
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SPM 2003 Q9(a)

Diagram shows a conical container of diameter 0.6 m and 

height 0.5 m. Water is poured into the container at a constant 

rate of 0.2 m3 s-1.

Calculate the rate of change of the height of the water level at 

the instant when the height of the water level is 0.4 m.

[4 marks]𝑑𝑉

𝑑𝑡
= 0.2

𝑑ℎ

𝑑𝑡
=? when ℎ = 0.4

𝑉 =
1

3
𝜋𝑟2ℎ 𝑟: ℎ = 0.3: 0.5

𝑟

ℎ
=
3

5

𝑟 =
3

5
ℎ

𝑉 =
1

3
𝜋

3

5
ℎ

2

ℎ

𝑉 =
3

25
𝜋ℎ3

𝑑𝑉

𝑑ℎ
=

9

25
𝜋ℎ2

𝑑𝑉

𝑑𝑡
=
𝑑𝑉

𝑑ℎ
×
𝑑ℎ

𝑑𝑡

0.2 =
9

25
𝜋ℎ2 ×

𝑑ℎ

𝑑𝑡

0.2 =
9

25
𝜋(0.4)2×

𝑑ℎ

𝑑𝑡

𝑑ℎ

𝑑𝑡
=
125

36𝜋



SPM 2005 Q2(a)

𝑦 + 𝑥 − 5 = 0

𝑦 = −𝑥 + 5

𝑚𝑡 = −1

𝑑𝑦

𝑑𝑥
= 𝑝𝑥2 − 4𝑥

−1 = 𝑝 1 2 − 4(1)

−1 + 4 = 𝑝

𝑝 = 3

A curve has a gradient function 𝑝𝑥2 − 4𝑥, where p is a constant. The tangent to the curve at the point 

(1,3) is parallel to the straight line 𝑦 + 𝑥 − 5 = 0.

Find the value of p. [3 marks]



SPM 2015 Q2
It is given the equation of the curve is 𝑦 = 2𝑥 1 − 𝑥 4 and the curve passes through 𝑃(2,4). Find

a) the gradient of the curve at point P, [4 marks]

𝑚𝑡 =
𝑑𝑦

𝑑𝑥
=? when 𝑥 = 2

Let 𝑦 = 𝑢𝑣 𝑢 = 2𝑥 𝑣 = 1 − 𝑥 4

𝑑𝑢

𝑑𝑥
= 2

𝑑𝑣

𝑑𝑥
= 4 1 − 𝑥 4−1 −1 = −4 1 − 𝑥 3

𝑑𝑦

𝑑𝑥
= 𝑣

𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥

𝑑𝑦

𝑑𝑥
= 1 − 𝑥 4(2) + 2𝑥 −4 1 − 𝑥 3

𝑚𝑡 = 1 − 2 4(2) + 2(2) −4 1 − 2 3

𝑚𝑡 = 18



SPM 2015 Q2
It is given the equation of the curve is 𝑦 = 2𝑥 1 − 𝑥 4 and the curve passes through 𝑃(2,4). Find

b)      the equation of the normal to the curve at point P. [3 marks]

𝑦 = 𝑚𝑛𝑥 + 𝑐 𝑚𝑡 ×𝑚𝑛 = −1

18 × 𝑚𝑛 = −1

𝑚𝑛 = −
1

18

4 = −
1

18
(2) + 𝑐

𝑐 =
37

9

y = −
1

18
𝑥 +

37

9
18𝑦 = 74 − 𝑥



SPM 2018 Q6

Diagram shows the front view of a part of a roller coaster track in a miniature park. 

The curve part of the track of the roller 

coaster is represented by an equation

with point P as the origin. 

Find the shortest vertical distance, in m, 

from the track to the ground level. 

[6 marks]

𝑦 =
1

64
𝑥3 −

3

16
𝑥2



SPM 2018 Q6
𝑦 =

1

64
𝑥3 −

3

16
𝑥2

𝑑𝑦

𝑑𝑥
= 0

𝑑𝑦

𝑑𝑥
=

1

64
(3)𝑥3−1 −

3

16
(2)𝑥2−1

𝑑𝑦

𝑑𝑥
=

3

64
𝑥2 −

3

8
𝑥

3

64
𝑥2 −

3

8
𝑥 = 0

𝑥
3

64
𝑥 −

3

8
= 0

3

64
𝑥 −

3

8
= 0𝑥 = 0

𝑥 = 8

𝑦 =
1

64
8 3 −

3

16
8 2

𝑦 = −4

shortest vertical distance = 5 − 4

= 1
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