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Beauty in mathematics is
seeing the truth without effort
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Prior Knowledge

e The Straight Line (Form 3) Equation of straight line
y =mx + C
[ Gradient | | y-intercept

Angles and Tangents of Circles (Form 3)
Coordinate Geometry (Add Math Form 4)

Two straight lines, L, and L, are perpendicular to each other if and only if m,m, = 1.

Quadratic Functions (Add Math Form 4)
Speed and Acceleration (Form 2)

i
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Small changes -
Half Chain rule:

d
z—yX(Sx

I Value of a limit of a function:

Small Changes
&
Approximations

\* Approximations

y + 6y

e

variable — 0

@ First derivative — First Principle

/ Differentiation

First Derivative:

* Derive the formula for y=ax®

* Algebraic function

« Composite function: Chain rule

* Product and quotient of algebraic expressions.
Second Derivative:

Rates of
Change

\ Algebraic function

Chain Rule:

%
—

dy dy dx Min/max value

dt dx dt

Gradient of

Tangent

Equation of
Tangent

¥
Equation of
Normal

Turning

Points

=
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Example 1(a)

Determine the limit value for each of the following functions.

li !
(a) Jm
X 1 0.1 0.01 0.001 | 0.0001 0.00001 0.000001 @ 0.0000001
1
— 1 10 100 1000 10000 100000 1000000 10000000 ?
X
1
lim— = o

x-0X




Example 1(b)

Determine the limit value for each of the following functions.
3

_ —x
(@) :lcl—r}(l) X% —x
x(x2—1)

x-0 x(x — 1)

x(x—1)(x+ 1) j
x-0  x(x—1) |

=limx+1

x—-0

=1

2.1.1 Investigate and determine the value of limit of a
function when its variable approaches zero.
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The gradient of a tangent..




ldea of limit to differentiation...

Y

P2, 4)
Q(L.9,3.61)

2 1 1 2

4-1 3 4—-225 175

B 4-361 039
=3 M =515 ~ 05

3.5 M=% "79 ~ 01




First derivative using first principle...

Gradient of tangent at P = Gradient of PQ as §x approaching 0

dy i 6y . flx+dx) - f(x)
— im = lim

dx  6x-008x 5x—0 ox




first principle

Exam D le 2 (a) [ First derivative using ]

Find the first derivative by using the first principles for each of the following functions y = f(x)
(@) y = 2x

Giveny = f(x) = 2x Q_ im6—y
8y = f(x+8%) - f() o B0
oy = 2(x + 6x) — 2x Y im 2

dx 6x-0
0y = 2x + 26x — 2x
oy = 26x dy =2
5 dx
Y _ 2

v




|

Example 2(b) L Mremene
Find the first derivative by using the first principles for each of the following functions y = f(x)
(b) y =2x*+1
Giveny = f(x) = 2x% + 1 dy _ lim Sy
Sy = F(x + 8%) — f(x) dx 6x-00x
8y = [2(x + 6x)% + 1] — [2x% + 1] 9l 4x + 26%
Sy = [2(x? + 2x6x + (6x)?) + 1] — [2x% + 1] dr ox=0
Sy = 2x% + 4x6x + 2(6x)* +1—2x% —1 ?=4x
X

8y = 4x6x + 2(5x)?
0y = 6x(4x + 26x)

o)
_y: 4x + 26x
ox




Derive by induction

i
I RS W |

) d
Function d—y Pattern
X
d d
y=2x d—y=2 d—il=2><1><x1—1
X
d
y = 2x? Z—y_z}x d—i:=2><2><xz'1
X
d
y = 2x3 %—@CZ %=2><3><x3'1
d d
y=2x4 d_y_8x3 d_i]=ZX4xx4_1
X
Conclusions:
If y = axn’ then dy = anx™ 1 221 Derive the fo_rmula of first dt_arivative inductively
dx for the function y = ax”, a is a constant and n

Is an integer.

U |\
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Example 3

(@ y=3x"
dy
— 1 10-1
Tx 3(10)x
dy 9
I 30x

by fO)=x>+x72+1
') =3x3"1+ (—-2)x 271+ 1(0)x° 1

f'(x) =3x%—2x"3

Find the first derivative for each of the following with respect to x

1—2x3
2

(©)

d [1-—2x3
dx x2

First derivative of an
algebraic function

J

d
y = ax™ - d_ic, = anx™ !

_d (1 2x3
Cdx\x?2  x2

d
= — -2 _
P (x 2x)

= (-2)x72 1 —2()x1?

=—2x"3-2
2 _ 2+ 2x3

yans @ W 4




Example 4

Find the first derivative of the following with respect to x:

Letu =2x+1 theny =u®
du d
— 9 Y _

x - =
dy _dy  du
dx du dx
%=5u4><2
%leu4
%=1O(2x+1)4

First derivative of composite
function (chain rule)

J

y = (2x +1)° 4y _ &y o
dx du dx
Simplified
y = (2x +1)°
D _ 52x + 11(2)
dx
dy
— =10(2x + 1)*
0y 102x + 1)

yans @ W 4




Example 5

First derivative of a function
involving product rule

Lety =uv

Find the first derivative of the following with respectto x: y = (1 — 2x)(x2 —2)® & _ du dv

u=1-2x v=(x*-2)3
du v _ 3(x% — 2)%(2x) = 6x(x? — 2)?
dx dx
dy_ du dv
ax Udx T Yax
dy
d__(x —2)3(=2) + (1 = 2x)[6x(x? — 2)?]
dy 2 2 2
i 2(x% = 2)*[(x* = 2)(-1) + (1 — 2x)(3Bx)]
dy _ 2(x% —2)2(2 + 3x — 7x?)
dx

yans @ W 4
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Example 6

Find the first derivative of the following with respectto x: y =

Let _ 4

e y—v
u = x? v=3—4x
du dv

—_—= — =4
dx 2" dx

du dv

d_y:U%—uﬁ
dx v2
dy (3 —4x)(2x) — x*(—4)
dx (3 — 4x)2

dy_
dx

dy_
dx

dy_
dx

First derivative of a function
involving quotient rule

J

x? du dv

3 — 4x dy _Vax " “ax
dx V2

6x — 8x? + 4x?
(3 — 4x)?

6x — 4x?

(3 — 4x)2

2x(3 — 2x)

(3 — 4x)?

yans @ W 4




Second derivative

Example 7

Find the second derivative of the following with respectto x: y = x2 + 1

dy

—Z =2

dx x
d2
ay _,
dx?

yans @ W 4




Example 8

Second derivative

d d
Giveny = x% + 2x + 7, find the values of x if XZT}ZI+(x—1)d—Z+y=8

y=x%>+2x+7
dy

a=2x+2
d2
“Y_5
dx?

x2(2)+(x—1)2x+2)+x>+2x+7=8
2x2+2x2—-2+x*2+2x+7—-8=0

5x2+2x—3=0
Gx—=3)x+1)=0

yans @ W 4




SPM 2005 Q19

Given that h(x) =

GBx_5)’ evaluate h''(1)

h(x) = (3x —5)72

h'(x) = (=2)(3x = 5)7*71(3)
h'(x) = —6(3x —5)73
h'(x) = (=3)(=6)(3x —5)7°7*(3)
h"(x) =54(3x —5)~*

(1) = 54(3(1) — 5)~*

" 27

i
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Gradient of tangent to a curve

J)

Gradient tangent zero
- Horizontal




Example 9(a)

The diagram on the right shows a part of the curve y = x% + 1

() Find 4
dx

dy
— =2
dx x

Application: Interpret
gradient of tangent




Example 9(b)(c)

The diagram on the right shows a part of the curve y = x? + 1

(b) Find the gradient of the tangent to the curve at points A, B and C.
(c) For each of the points, state the condition of the tangent.

dy dy
— =2 7
dx X dx — me

A(—1,2) B(0,1) C(2,5)

m; = -2 me = 0 me = 4
mt < 0 mt == 0 mt > 0

negative — slant to left zero — horizontal positive — slants to right

[

Application: Interpret
gradient of tangent




Application: E [ f
Example 10 | angent and normal |

Find the equation of the tangent and normal to the curve y = x2 + 1 at point R(1,2)

dy
=
whenx =1
dy

2x

mt=2
y—2=2(x-1)

y = 2x <+—— Equation of tangent




Application: E [ f
Example 10 | angent and normal |

Find the equation of the tangent and normal to the curve y = x2 + 1 at point R(1,2)

1
y-2=-3(x-1
1 5

y=—§x+§

2y =5—x <—— Equation of normal




SPM 2006 Q17

The point P lies on the curve y = (x — 5)2. It is given that the gradient of the normal at P is —i.

Find the coordinates of P

1
y = (x —5)? my = =7
dy 2-1 1
- = — - X——=—1
T 2(x—=5)""(1D) my 2
dy —
L —2x—10 my Xm, =—1
dx
my = 4

2x—10=4

2x =4+ 10
14

=5

x=17

y =((7) = 5)*
y=4

P(7,4)

i
[ A R\ \W |
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Turning points

['(-2)=—4

=2
2 10

f©=0




Examp[e ‘|’|(a) l Application: Turning points l

Given the curve: y = x3 — 9x2 + 24x — 15
(a) Find the coordinates of turning points of the curve.

dy )
—— = -1 24 ’ Ii |
I 3x 8x + d

3x2—18x+24=0
3(x—2)(x—4)=0

x—2=0 x—4=0
x=2 x =4 i
y = (2)3-9(2)% + 24(2) — 15 y = (4)3-9(4)% + 24(4) — 15
y=5 y=1
(2,5) (4,1)




Application: Turning points
Example 11(b) _epieao: Teringpries |

Given the curve: y = x3 — 9x2 + 24x — 15
(b) Determine whether each of the turning points is a maximum or minimum point.

d

—=3—18x+24 (25 (4D

d?y
X 2 3 4 W = 6x — 18
dy 2
v 0 0 d
dx For (2,5) == = 6(2) — 18 = =4 < 0
Sign of the dx
tangent (2,5) is a maximum point

Sketch of the d?y
tangent For (4,1) i 6(4)—18=4>0

Sketch of the
graph

(4,1) is a minimum point

(2,5) is a maximum point (4,1) is a minimum point




l Application: Turning points l

Example 12

Giventhecurve: y =x3+1
Find the stationary points and determine the nature of it.

dy dx?

dx Stationary point:
Sign of the (0,1) . /
tangent -2 1
Sketch of the dzy = 6(0)

tangent dx?2

Sketch of the
graph —— =0
dx Point of Inflection

6x




SPM 2003 Q15

Application: Maximum and
minimum values

J

Given that y = 14x(5 — x), calculate
(@) the value of x wheny is maximum,

(b) the maximum value of y. [3 marks]

y = 70x — 14x2 5 5 2
— =170 —28x
dx

_ 175
70 — 28x = 0 Y=
70 = 28x
5
*=3

yayhyw A
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Example 13

[ Application: Rate of change ]

A curve has an equation y = x? — 4x + 6. Find the rate of change of y when x = 1 and x =4, given that
X increases at a constant rate of 2 units per second.

@y _, ax _,
dt dt
dy_dyxdx
dt dx  dt
dy
— =2x—4
dx x
d
d—{=(2x—4)><2
d
—y=4x—8

dt

whenx =1 when x = 4
y dy
— =4(1) - — = —
7~ ()-8 o = 4® -8
d
dt dt

y decreases at rate
of 4 unit per second

y increases at rate
of 8 unit per second




SPM 2004 Q21

2
Two variables, x and y are related by the equation y = 3x + ok Given that y increases at a constant rate

of 4 units per second, find the rate of change of x when x = 2

dy dy dx
d 2 dt  dx de
_y:4 y=3x+-—
dt X
S 4_3x2—2xdx
dx 2 wh ) y = oxdex — x2 dt
— =? when x = d
dt & 32—yt 3(2)2=2 dx
dx = — X —
(2)? dt
dy 3x%-2
a= x2 4)(1—%
10 dt
dx_16
dt
yayhyw A ). \N

-
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Exa m p le 1 l|. Application: Small Changes ]

Find the small corresponding change in y = x2 + 1, when x increases from 1 to 1.02
6x =1.02—-1
dx = 0.02
oy =7
oy dy
ox  dx

d
é‘y:d—i,xé”x asz

6y = 2x x 0.02
6y = 0.04x

dy = 0.04(1)
6y = 0.04

yans @ W 4




SPM 2006 Q19

Giventhaty = 3x%2 +x — 4
(a) Find the value of % whenx =1

(b) express the approximate change in y, interms of p, when x changes from1to 1 + p,
where p is a small value.

dy

— =6x+1 bx=10+p) -1

dx

dy ox=p

whenx:1,a26(1)+1 ~dy

5y~d—><6x

dy_7 x

dx dy=7Xp
oy="T7p

i
[ A R\ \W |
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Example 15

: 16 . : .
Given y = _S , find the value of Z—y when x = 2 and determine the approximate value for
X

y = 16x~2
dy
—— = —32x73
Ix 32x
dy 32
dx  x3
when x = 2
dy 32
dx (2)3
d

4 —4

ox =2.01—-2
ox = 0.01
dy
~ — X
oy Ix ox
6y = —4x0.01
dy = —0.04

Application: Approximation ]

16
2.012
16
o1z =Y toy
16 o004
—4-0.04
—3.96




Small changes -
Half Chain rule:

d
z—yX(Sx

I Value of a limit of a function:

Small Changes
&
Approximations

\* Approximations

y + 6y

e

variable — 0

@ First derivative — First Principle

/ Differentiation

First Derivative:

* Derive the formula for y=ax®

* Algebraic function

« Composite function: Chain rule

* Product and quotient of algebraic expressions.
Second Derivative:

Rates of
Change

\ Algebraic function

Chain Rule:

%
—

dy dy dx Min/max value

dt dx dt

Gradient of

Tangent

Equation of
Tangent

¥
Equation of
Normal

Turning

Points

=
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Past Years SPM

First & Second derivative

Tangent / Normal

- Turning Points (max/min)

Rate of Change
Approximation & Small Changes

Limit
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SPM 2014 Q17

Due to the high living cost, Siva has planted several types of vegetables for his own consumption on a
rectangular shape empty plot of land behind his house. He plans to fence the land which has a dimension
of 6x mand (4 — x) m.

W\ W

Find the length, in m, the fence he has to buy when the area of the land is maximum. [4 marks]
_~
A=6xx%x(4—x) perimeter = 2(6x) + 2(4 — x) ‘
A =24x - 6x° = 10x + 8 -
dA
perimeter =? Ix =24 —12x =10(2) +8 —
0=24—12x =28
dA 0
dx - x =2




-

/
The surface area of a cube increases at a constant rate of 15 cm2s-1 ’
Find the rate of change of side length, in cm s-1, when the volume of the cube is 125 cm?. [4 marks] é
A = 6x2
i} dA _dA_ dx Iy ox
dt  dx  dt — = 12x —
x Nx dx ‘
dA 15 = 126 x
15 PP .
dt dx V — x3
/
15 = 12(5) XE x3 =125 _C
dx 5
I =? whenV =125 do B 1 x = V125
dt 4 x=5




SPM 2017 Q1

Diagram shows a cubic graph y = f(x) and a linear graph y = g(x).

Point A lies on the straight line. Points B, C and D lie on the curve. The tangents to the curve at points B

and C are parallel to the x-axis.
State which point(s) that satisfies the following condition:

dy y=gx)
(Cl) a =0

YA

/ o
\
\ y =fx)

Diagram 1

). \N

-

W\ W

1" A\



SPM 2018 Q5

Find the value of
(a) lim(7 — x?)
x—1
(b)) iff'(x) =2x3—4x+3
f"(x) = 6x%2—4

f'(2) = 6(2)*—4
F(2) = 20

i
[ A R\ \W |
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SPM 2003 Q9(a)

Diagram shows a conical container of diameter 0.6 m and
height 0.5 m. Water is poured into the container at a constant
rate of 0.2 m3 s1,

Calculate the rate of change of the height of the water level at
the instant when the height of the water level is 0.4 m.

dv dh [4 marks]
S — " —
It 0.2 ar when h = 0.4 1
v _dv_ dh V=3mrth
dt  dh’~ dt
0.2 = i h? x dh
25 e v
9 dh dh 125 — = —mh?
0.2 = ﬁ71(0.4)2>< — = dh

dt  dt 36m

7

A A\ \

y/ A / =

AN

W\ W

A\

\
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SPM 2005 Q2(a)

A curve has a gradient function px? — 4x, where p is a constant. The tangent to the curve at the point
(1,3) is parallel to the straightliney + x — 5 = 0.

W\ W

Find the value of p. [3 marks]

/
y+x—-5=0 b _ x% —4x ‘

dx P
y=-x45 —1=p(1)? - 4Q1) —

mt=_1

—
-1+4=p .
p=3 I

yayhyw A



SPM 2015 Q2

It is given the equation of the curve is y = 2x(1 — x)* and the curve passes through P(2,4). Find

a) the gradient of the curve at point P, [4 marks]
Y ) whenx=2
m; = I when x =
Lety = uv u=2x v=(1-x)*
d
du o 41— ) (1) = —4(1 — %)
dx dx
dy  du dv dy 4 3
a—‘l)a-l-lla a—(l—x) (2)+2x[—4(1—x) ]

me = (1 -2)%(2) + 2()[-4(1 - 2)°]

mt=18

yayhyw A
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SPM 2015 Q2

It is given the equation of the curve is y = 2x(1 — x)* and the curve passes through P(2,4). Find

b)  the equation of the normal to the curve at point P. [3 marks]
y=mpx +c myXm, =—1 :
18 xm, = —1 ’
— 1 A
=718

y=——x+— 18y =74 —x i

yayhyw A

-
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SPM 2018 Q6

Diagram shows the front view of a part of a roller coaster track in a miniature park.

The curve part of the track of the roller
Horizonwl  coaster is represented by an equation

ground
level — ix3 _ixz
Y= 64* " 16

with point P as the origin.

Find the shortest vertical distance, in m,
from the track to the ground level.

[6 marks]

N (| W\ \\\\\\)

A\ \



SPM 2018 Q6

1 3 dy
_ - .3_2° 2 ay _
Y= 62" T16% ax 0
dy 1 3—-1 3 2—1
a = a (3)x - E (Z)X
dy 3 , 3
dx 64" ~ 8"
3 3
2 4 —
64° ~g”*
33\
“\6a*"8) "
3 3
x=0 —_Y — — =
62* g~ "
x=28

-

v

W\ W

1 3
y= 5(8)3 _1_6(8)2

1" A\

shortest vertical distance =5 — 4

s A\
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Do you have any questions?

erwan@bentong.mrsm.edu.my
09 2222 869
https://bentong.mrsm.edu.my/
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